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Abstract.
The energy spectrum of high energy cosmic rays emitted by sources change during propagation in the Galaxy.
Using the spectrum observed at the Earth and two different transport models, based on anomalous and normal
diffusion equations, we have retrieved an average value of the cosmic ray injection exponent at Galactic sources
taking into account the inhomogeneity of the interstellar medium. We have shown that the average value of the
injection index p, obtained in the framework of both transport models, equals to p ∼ (2.8 − 3.0).
1 Introduction
The spectrum of cosmic rays (CRs) measured at the Earth
is different from their source spectrum. A key to under-
standing this difference is the determination of how cos-
mic ray (CR) particles propagate through the turbulent in-
terstellar medium (ISM).
Assuming that the medium is quasi-homogeneous,
the propagation process is described by Ginzburg-
Syrovatsky’s normal diffusion equation [1, 2]
∂N(r, t, E)
∂t
= D(E)∆N(r, t, E) + S (r, t, E), (1)
where N(r, t, E) is the density of particles with energy E
at the location r and time t, D(E) = D0E
δ is the diffusion
coefficient assumed to be spatially constant and S (r, t, E)
is the source term.
The steady state solution of (1), frequently used for
interpretation of the CR phenomena, has the form
N(r, E) ∼ E−p−δ, (2)
where p is the injection spectrum exponent at the Galac-
tic sources. The same result may be obtained using the
entirely uniform Leaky-Box model.
The steady state energy spectrum (2) leads to a very
simple rule to retrieve the exponent p from the spectrum
N(E) ∝ E−η observed at the Earth: p = η − δ. Since
η ≈ 2.7, for δ ∼ 0.3 we find that the slope of the CR
injection spectrum at the source is ∼ 2.4.
However, recent results show that homogeneous dif-
fusion models, based on (1), failed to reproduce observa-
tions (see, for example, [3]). Multiscale structures in the
Galaxy, found during the last few decades, may be taken
as a support to this conclusion.
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Theory and observations show that the ISM is in-
homogeneous (fractal-like) on the hundreds of parsecs
scales [4–6]. Stars formation regions also demonstrate
fractal features with spatial scales up to about a kpc [7–9].
The particles emitted by Galactic sources en route to
the Solar system pass through regions of the Galaxy that
have different properties. In such a inhomogeneous ISM,
the normal diffusion model is certainly not kept valid.
Themain goal of this paper is to retrieve the cosmic ray
injection exponent at the Galactic sources from the spec-
trum observed at Earth taking into account the inhomo-
geneity of the turbulent interstellar medium. Two different
models, based on anomalous and normal diffusion equa-
tions, are used to relate the spectrum injected by the source
and that measured at Earth.
In the following section we give an overview of the
anomalous diffusion model, discuss our injection exponent
retrieval technique and the results obtained in this model.
In section 3 we present a new approach to describe cosmic
ray propagation in the non-homogeneous ISM, based on
the normal diffusion equation (1). Our findings and con-
clusions are given in section 4.
2 Retrieval of the injection exponent using
the anomalous diffusion model
The non-homogeneouscharacter of matter distribution and
associated magnetic field leads to the need to incorporate
these ISM features into the cosmic ray diffusion model. A
possible way to generalize the normal diffusion model is
to replace the assumption about statistical homogeneity of
inhomogeneities distribution by their fractal distribution.
An important consequence of this generalization is the
power-law distribution of free paths, r, in such a medium
p(r, E) ∝ A(E, α)r−α−1, r → ∞, 0 < α < 2 — so-called
Lévy flights. Since an intermittent magnetic field of the
fractal-like ISM leads to nonzero probability of a long stay
of particles in inhomogeneities, the presence of the Lévy
trap can not be excluded. In the general case, the probabil-
ity density function q(t, E) of time, t, during which a parti-
cle is trapped in the inhomogeneity (Lévy trap), also has a
power-law behavior: q(t, E) ∝ B(E, β)t−β−1, t → ∞, β < 1.
A generalization of the homogeneous normal diffusion
model to the case of inhomogeneous (fractal-like) ISM,
has been made for the first time in our papers [10, 11].
Later, it was shown [12–17] that an anomalous cosmic ray
diffusion model, developed by the authors, allows to de-
scribe the main features of nuclei, electron and positron
spectra observed in the Solar system. Particularly, in the
anomalous diffusion model the key feature of the all parti-
cle energy spectrum — the knee at 3 · 1015 eV — appears
naturally without additional assumptions.
The equation for the density of particles with energy,
E, at the location, r, and time, t, generated in a fractal-
like medium by Galactic sources with a distribution den-
sity S (r, t, E) can be written as [12, 14]
∂N(r, t, E)
∂t
= −D(E, α, β)D1−β
0+
(−∆)α/2N(r, t, E)+
+ S (r, t, E). (3)
Here D
µ
0+
denotes the Riemann-Liouville fractional deriva-
tive [18] and (−∆)α/2 is the fractional Laplacian (‘Riesz
operator’) [18]. The anomalous diffusion coefficient
D(E, α, β) ∼ A(E, α)/B(E, β) = D0(α, β)Eδ.
The solution of Eq. (3) for a point instantaneous
source with a power-law injection spectrum S (r, t, E) =
S 0E
−pδ(r)δ(t) has the form [12, 14]
N(r, t, E) = S 0E
−p(D(E, α, β)t β)−3/α×
×Ψ(α, β)
3
(|r|(D(E, α, β)t β)−1/α),
where Ψ
(α, β)
3
(ρ) is the density of the fractional stable dis-
tribution [19, 20]
Ψ
(α, β)
3
(ρ) =
∞∫
0
g
(α)
3
(rτβ)q
(β,1)
1
(τ)τ3β/αdτ.
Fig. 1 demonstrates the behaviour of the functionΨ
(α, β)
3
(ρ)
for different parameters α and β.
The asymptotic behaviour of the scaling function
Ψ
(α, β)
3
(ρ) for α < 2, β < 1,
Ψ
(α, β)
3
(ρ) ∝ ρ−(3−α), ρ→ 0,
Ψ
(α, β)
3
(ρ) ∝ ρ−3−α, ρ→ ∞,
is shown on Fig. 2.
Taking into account that ρ ≡ |r|(D(E, α, β)t β)−1/α, we
find
N ∼ E−η = E−p+δ, E ≪ Ek
and
N ∼ E−η = E−p−δ, E ≫ Ek,
where Ek is the knee energy. Since ∆η = η|>Ek − η|<Ek is
known from experimental data to equal ∆η ∼ 0.6, the last
equations permit to, self-consistently, retrieve both spec-
tral exponents p and δ:
δ = ∆η/2 ∼ 0.3,
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Figure 1. Probability density of fractional stable distribution
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(ρ) for different parameters α and β
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Figure 2. Asymptotic behavior of the function Ψ
(α, β)
3
(ρ) for
ρ→ 0 (a) and for ρ→ ∞ (b)
p = η|<Ek + δ = η|>Ek − δ ≈ 2.8 ÷ 2.9.
At E = Ek the spectral index η(Ek) is equal to the injection
exponent p at the Galactic source.
Note that in the energy range below the knee the cos-
mic ray density is
N(r, t, E) ∼ E
−p+δ
r3+α
. (4)
3 Normal diffusion of cosmic rays in a
non-homogeneous ISM
The medium properties of an inhomogeneous ISM vary in
space and time. The particles emitted by Galactic sources
en route to the Solar system pass through regions of the
Galaxy that have different diffusion coefficients.
Here we suppose that the particles with probability
density ϕ(D0) propagate in the ISMwith a diffusion coeffi-
cient D0. Since for a homogeneous ISM, with the constant
diffusion coefficient D0, the solution of a normal diffusion
equation (1) for a point instantaneous source with a power-
law injection spectrum has the form
N(r, t, E) =
S 0E
−p
(4πD0Eδt)3/2
exp
(
− r
2
4D0Eδt
)
, (5)
we can find the density of particles visiting this part of the
Galaxy,
dND(r, t, E) =
S 0E
−pϕ(D0)dD0
(4πD0Eδt)3/2
exp
(
− r
2
4D0Eδt
)
,
and then the observed density N(r, t, E)
N(r, t, E) =
∫
dND(r, t, E) =
S 0E
−p−3δ/2
(4πt)3/2
×
×
∞∫
0
1
D
3/2
0
exp
(
− r
2
4D0Eδt
)
ϕ(D0)dD0. (6)
In order to have insight into possible types of diffusiv-
ity distribution we follow the approach presented in [21].
If r is the random jump length of a particle and τ is the
time required to make this jump, the diffusion coefficient
is given by equation
D0 =
r2
2τ
.
Since r/τ is the speed v, we have
D0 =
v2τ
2
.
Assuming that the speed of particle motion v along its tra-
jectory is the same for all particles, for ϕ(D0) we find
ϕ(D0) = ψ(τ)
∣∣∣∣∣dτ(D0)dD0
∣∣∣∣∣ = 2v2ψ(τ).
It is seen, for example, that the assumption that the time,
τ, of a single step is distributed normally leads to a normal
distribution for diffusivity. In the case of ψ(τ) ∝ τ−β−1,
β < 1 the power-law distribution for ϕ(D) may be obtaned.
Similar distributions may be obtained if we assume
that all particles during the random walk have the same
value of r. In this case τ(D0) = r
2/(2D0) and
ϕ(D0) = ψ(τ)
∣∣∣∣∣dτ(D0)dD0
∣∣∣∣∣ = r
2
2D0
2
ψ(τ). (7)
Using, for example, a normal distribution for τ
ψ(τ) =
1√
π∆τ
exp
−
(
(τ − τ0)
∆τ
)2 ,
where τ0 and ∆τ are parameters (∆τ ≪ τ0), for large D0
from (7) we find
ϕ(D0) ∼ D0−2.
The probability distribution function ϕ(D0) has a power-
law form.
Here we consider the power-law distribution ϕ(D0) ∼
D
−γ
0
for D0 → ∞, where γ is a positive parameter. Since
ϕ(D0) has the meaning of a probability density, that is
∞∫
0
ϕ(D0)dD0 = 1, we must assume that γ > 1.
In order to calculate the integral in equation (6), we
need to make some additional assumptions about the prop-
erties of ϕ(D0) at small and also intermediate values of D0.
We adopt the following functional form
ϕ(D0) = AD
−γ
0
exp
(
− D
D0
)
, (8)
where A =
D
γ−1
Γ(γ − 1) is the scaling factor, D is the char-
acteristic diffusivity for the Galactic medium, γ > 1 is
an auxiliary parameter, D0 > 0. We additionally define
ϕ(0) = 0.
Having substituted equation (8) into equation (6) we
find
N(r, t, E) =
S 0AE
−p−3δ/2
(4πt)3/2
×
×
∞∫
0
dD0
D
γ+3/2
0
exp
[
−
(
D +
r2
4Eδt
)
1
D0
]
. (9)
Using new variables p = D +
r2
4Eδt
and D0 =
p
z
, the inte-
gral in (9) is transformed as follows:
∞∫
0
D
−γ−3/2
0
exp
(
− p
D0
)
dD0 =
= −p
0∫
∞
p−γ−3/2
z−γ−3/2
exp(−z)dz
z2
=
= p−γ−1/2
∞∫
0
zγ−1/2e−zdz = p−γ−1/2Γ
(
γ +
1
2
)
.
As a result, we obtain
N(r, t, E) =
S 0AE
−p−3δ/2
(4πt)3/2
(
D +
r2
4Eδt
)−γ−1/2
Γ
(
γ +
1
2
)
.
(10)
At any given moment of time, t, and for sufficiently
large r, so that r2 ≫ 4DEδt, the density of particles,
N(r, t, E), has the form
N(r, t, E) =
S 0D
γ−1
π3/2(4t)1−γ
Γ
(
γ + 1
2
)
Γ (γ − 1)
E−p−δ+δγ
r2γ+1
or
N(r, t, E) ∼ E
−p−δ+δγ
r2γ+1
. (11)
Thus, it can be seen, that the function ϕ(D0) given by
equation (8) leads to an anomalous spatial distribution of
the particle density. Instead of the Gaussian distribution
of particle density (5), which is predicted by the homoge-
neous normal diffusion models, the large-distance asymp-
totical behavior, we have obtained, is described by a power
law ∼ r2γ+1.
In the discussed model (10) the energy spectrum ob-
served at Earth is N(E) ∝ E−η = E−p−δ+δγ. From the
slope η = p + δ(1 − γ) we can find the injection spec-
trum exponent, p, at the Galactic source of the cosmic
rays: p = η − δ(1 − γ). It differs from the steady state
energy spectrum exponent p = η − δ. Since γ > 1, we
have p > η.
It should be noted that a similar anomalous spatial dis-
tribution of the particle density may be found in the case
of ϕ(D0) ∼ Dθ0 exp
(
−D0
D
)
, where D is the characteristic
diffusivity for the Galactic medium and 0 < θ < 1. This
distribution describes a model with exponential decrease
at D0 → ∞. For this scenario we have found
N(r, t, E) ∼ rθ−1 exp
(
− r√
DEδt
)
E−p−δ(θ+1)/2.
4 Conclusions
We have performed the retrieval of the cosmic ray injec-
tion exponent at the Galactic sources from the spectrum
observed at Earth taking into account the inhomogeneity
of the turbulent interstellar medium. Two different trans-
port models, based on anomalous and normal diffusion
equations, have been used to relate the spectrum injected
by the source with that measured at Earth.
Using the normal diffusion model, we have shown that
the variation of the ISM properties leads to an anomalous
spatial distribution of the particle density. Its asymptotic
behavior (11) for 1.5 < γ < 2 practically coincides with
our result (4) obtained in the framework of the anomalous
diffusion model for 1 < α < 2. In other words, the cos-
mic rays observed at Earth collectively appear to display
non-diffusive (superdiffusive) characteristics although an
individual particle has moved in a diffusive manner.
We have shown that the average value of the injection
index p, obtained in the framework of both transport mod-
els, equals p ∼ (2.8 ÷ 3.0).
We note that a similar steep spectrum of acceler-
ated particles has been observed from supernova remnants
W44 [22] and IC 443 [23] with the Fermi Large Area Tele-
scope. The value p = 3 has been found in [24] for RX
J1713.7-3946.
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